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Abstract
After reading so many articles with respact to symmetric points such
as [1], [6], [7], [8] in analytic functions, meromorphic functions, harmonic
functions and harmonic meromorphic functions in punctured disk. In
this article, I have an idea to introduce a class of univalent harmonic
meromorphic functions with respact to k-symmetric ponts in outside
of an unit disk. Some properties like coefficient condition, bounds and
extreme points for functions belongs to the class has been studied.
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1 Introduction
A continuos function f = u + iv, is a complex-valued harmonic function in a
domain D ⊂ C, if both u and v are real harmonic in D. Cluine and Sheil-small
[2] investigated the family of all complex-valued harmonic mappings f defined
on the open unit disk U, which admits the representation f(z) = h(z) + g(z)
where h and g are analytic univalent in U.
Hengartner and Schober [3] considered the class
∑
H of functions which
are harmonic, meromorphic, orientation-preserving and univalent in Ũ = {z :
|z| > 1} so that f(∞) = ∞. Such functions admit the representation
f(z) = h(z) + g(z), (1)
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where









are analytic in Ũ = {z = |z| > 1} .
Analogous to the concept given by Sakaguchi [5] for the class S∗s of functions
f(z) ∈ S, which are starlike with respect to symmetric points, the definition
may be extended for harmonic meromorphic functions defined as follows:
Definition 1.1 A function f(z) ∈ ∑H is said to be in the class ∑∗HS of











Definition 1.2 A function f(z) ∈ ∑H is said to be in the class ∑Hk of













ε−jf(εjz), ε = exp(
2πi
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Definition 1.3 A function f(z) ∈ ∑H is said to be in the class∑Hk(α), (0 ≤













ε−jf(εjz), ε = exp(
2πi
k
), k ≥ 2,




tz) = εtf ′k(z),
f ′′k (ε
tz) = εtf ′′k (z).
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For f = h + g, where h and g are of the form (2), Jahangiri [4] defined the
modified Salagean operator of f as:
Dλf(z) = Dλh(z) + (−1)λDλg(z); λ = 0, 1, 2...., (3)
where










Involving this operator Dλ, a class
∑∗
Hk(λ, α) is defined as follows.
Definition 1.4 For λ ∈ N0, 0 ≤ α < 1 and k ≥ 2, let ∑∗Hk(λ, α) denote









fk(z) = hk(z) + gk(z),























1, n+ 1 = lk, l ∈ N,







(λ, α) denote the subclass of
∑∗
Hk(λ, α) consisting of functions of the
form fλ = hλ + gλ such that
hλ(z) = z + (−1)λ
∞∑
n=1




Also, let fkλ = hkλ + gkλ where hkλ and gkλ are of the form
hkλ(z) = z + (−1)λ
∞∑
n=1




where ψn is given by (6).
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In this article, a result is based on the class
∑∗
Hk(λ, α) is obtained and a suf-
ficient coefficient condition for functions f = h + g, where h and g are of the
form (2) to be in the class
∑∗
Hk(λ, α) is determined. It is shown that this coef-




Furthermore, bounds and extreme points for functions in
∑∗
Hk
(λ, α) class are
obtained.
2 A Result for class
∑∗
Hk(λ, α)
In this section, a result for the class
∑∗
Hk(λ, α) is derived.
Theorem 2.1 For λ ∈ N0, 0 ≤ α < 1 and k ≥ 2, if f ∈ ∑∗Hk(λ, α), then
Dλfk(z) ∈ ∑∗Hk(λ, α).













> α, εμz ∈ Ũ , ε = exp(2πi
k
), μ = 0, 1..(k − 1).
From the Definition 1.4, it follows that Dλfk(ε



































which proves the result.
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3 Coefficient Conditions
In this section, sufficient coefficient condition for a function f ∈ ∑H to be
in
∑∗
Hk(λ, α) is derived and then it is shown that this coefficient condition is




Theorem 3.1 Let f = h + g, where h and g are given by (2) and fk =






(1 − α) |an| +
(n− αψn)







lk − (1 − α)
(1 − α)
]





lk − (1 + α)
(1 − α)
]














where λ ∈ N0, 0 ≤ α < 1, k ∈ N , then f is harmonic, orientation-preserving
in Ũ and f ∈ ∑∗Hk(λ, α).
Proof To show that f is orientation-preserving in Ũ , it only needs to show






































n |bn| r−(n+1) ≥
∞∑
n=1
n |bn| |z|−(n+1) ≥ |g′(z)| .
1082 A. K. Yadav














where z = reiθ, 0 < r ≤ 1, 0 ≤ θ ≤ 2π and 0 ≤ α < 1.
Let
A(z) := Dλ+1h(z) − (−1)λDλ+1g(z) (11)
and
B(z) := Dλhk(z) + (−1)λDλgk(z). (12)
It is observed that (10) holds if
|A(z) + (1 − α)B(z)| − |A(z) − (1 + α)B(z)| ≥ 0. (13)
From (11) and (12), it follows that
|A(z) + (1 − α)B(z)|
=
∣∣∣Dλ+1h(z) − (−1)λDλ+1g(z) + (1 − α) (Dλhk(z) + (−1)λDλgk(z))∣∣∣
=
∣∣∣∣∣(2 − α)z − (−1)λ
∞∑
n=1
[n− (1 − α)ψn]nλanz−n +
∞∑
n=1
[n+ (1 − α)ψn]nλbnz−n
∣∣∣∣∣
≥ (2 − α) |z| −
∞∑
n=1
[n− (1 − α)ψn]nλ |an| |z|−n +
∞∑
n=1
[n+ (1 − α)ψn]nλ |bn| |z|−n
and
|A(z) − (1 + α)B(z)|
=


























[n+ (1 + α)ψn]n
λ |an| |z|−n −
∞∑
n=1
[n− (1 + α)ψn]nλ |bn| z−n
Thus
|A(z) + (1 − α)B(z)| − |A(z) − (1 + α)B(z)|
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[n− αψn]nλ |bn| |z|−n
≥ 2 |z|
{








[n− αψn]nλ |bn| |z|−(n+1)
}





































From the definition of ψn, it follows that
ψn =
{
1, n+ 1 = lk, l ∈ N, k ≥ 1
0, n+ 1 = lk + 1, l ∈ N , k ≥ 2. (15)
Substituting (15) in (14), then (14) is equivalent to
|A(z) + (1 − α)B(z)| − |A(z) − (1 + α)B(z)|





lk − (1 − α)
(1 − α)
]



















(|alk| + |blk|) (lk)λ
⎫⎬⎭
≥ 0. by(13).
Thus, this completes the proof of the Theorem.
Theorem 3.2 Let fλ = hλ + gλ, where hλ and gλ are of the form (7), and




if and only if inequality (9) holds for the coefficient of fλ = hλ + gλ and
fkλ = hkλ + gkλ.




(λ, α) ⊂ ∑∗Hk(λ, α), if part is proved in Theorem 3.1. It only
needs to prove the “only if” part of the Theorem. For this, it suffices to show
that fλ /∈ ∑∗Hk(λ, α) if the condition (9) does not hold. If fλ ∈ ∑∗Hk(λ, α), then






for all values of z in Ũ , where






































≥ 0 is equivalent to




λψn [|an| + |bn|] r−(n+1) ≥ 0. (16)
Now if the condition (9) does not holds then the numerator of (16) is non-
positive for r sufficiently close to 1, which contradicts that fλ ∈ ∑∗Hk(λ, α)
and this proves the required result.
Taking λ = 0, in Theorems 3.1 and 3.2, following results are obtained.
Corollary 3.3 Let f = h + g, where h and g are given by (2) and fk =





(1 − α) |an| +
(n− αψn)

























(|alk| + |blk|) ≤ 1,
where 0 ≤ α < 1, k ∈ N , then f is harmonic, orientation-preserving in Ũ and
f ∈ ∑Hk(α). Furthermore, f ∈ ∑Hk(α), if and only if above inequality holds.
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4 Bounds and Extreme Points
In this section, bounds and extreme points for functions belonging to the class∑∗
Hk
(λ, α) are estimated.




≤ |fλ(z)| ≤ r + 1
r
. (17)
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(1 − α) (|an| + |bn|)






(1 − α) |an| +
n− αψn
(1 − α) |bn|
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(|an| + |bn|) r−n























(1 − α) (|an| + |bn|)






(1 − α) |an| +
n− αψn
(1 − α) |bn|
]
≥ r − r−1.
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This proves the required result.
The bounds given in Theorem 4.1 holds for the functions fλ = hλ + gλ, and it
also found that these bounds also holds for functions f = h + g.
Theorem 4.2 Let fλ = hλ + gλ, where hλ and gλ are of the form (7) then




(xnhλn(z) + yngλn(z)) , (18)
where z ∈ Ũ and








for n = 1, 2, 3, ......, and
∞∑
n=0
(xn + yn) = 1, xn, yn ≥ 0. (21)
In particular, the extreme points of
∑∗
Hk

































































(xn + yn) = (1 − x0 − y0) ≤ 1.
Class with respect to k-symmetric points 1087








(1 − α) n
λ |bn| ,
which satisfy (14), thus






















[hλn − z] xn +
∞∑
n=1




























(xnhλn(z) + yngλn(z)) .
This proves the Theorem.
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